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Let A and B be two binary codes of length n such that all values of the Hamming distance 
between codewords of A and B belong to a single residue class module 4. It is shown that the 
product of the cardinalities of A and B does not exceed 2” when n is even and 2”-’ when n is 
odd. This generalizes a recent result by Ahlswede, El Gamal and Pang. The proof mainly 
consists in showing that translated versions of A and B are mutually orthogonal. 
1. Introduction 
It is easily seen that a binary code of even length n with doubly even Hamming 
distances cannot contain more than 2”” vectors, because a translated version of 
the code is necessarily self-orthogonal. If the bound 2”” is achieved, then the 
code must be equivalent (by translation) to a self-dual linear code of dimension 
n/2. There are quite similar results in the case of an odd length n. These 
techniques have been used to prove that a binary code with the Golay parameters 
is necessarily linear, hence must be the Golay code [2]. 
Ahlswede, El Gamal and Pang have recently obtained the following result 
concerning pairs of binary codes A and B of length n. If the Hamming distance 
between codewords of A and B has a constant value, then the product of the 
cardinalities of A and B cannot exceed 2” when n is even and 2”-’ when n is odd 
[l]. In the present paper it is shown that the argument sketched above can be 
used to prove an extension of this result in a very simple manner. The assumption 
is that the distance taken modulo 4 has a constant value. 
2. Notations and prelimkaries 
By definition, a binary vector x = (x,, . . . , x,,) of length n is an element of the 
set (0, 1)” endowed with the structure of an n-dimensional vector space over 
GF(2). The Hamming weight of such a vector x is denoted by Ix]. The com- 
ponentwise sum and product of two vectors x and y are denoted by x + y and xy. 
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The Hamming distance d(x, y) equals Ix + y]. The following identity is very useful: 
Ix+Yl=Ixl+IYI-2IxYl. 0) 
A binary code C of length n is any nonempty subset of (0, 1)“. The dimension 
of C, denoted by dim(C), is defined to be the dimension of the linear space 
spanned by the vectors of C. (Thus dim(C) equals the binary rank of the matrix 
formed by the vectors of C.) The cardinal&y of C is clearly bounded from above 
as follows: card(C) s 2ti’c’, with equality if and only if C is linear. 
For a given vector 2) and a given code C we denote by C-t u the translated code 
consisting of the vectors x + u with x varying over C. When C is linear, C+ u is 
called an afhne code. 
Two codes C and D are said to be orthogonal if the inner product (x, y) = 
xlYl+* * * + x,,y, vanishes for all vectors x E C and y E D. It is interesting to write 
this property in the form 
]xy]=O(mod2) for all xEC, yED. (2) 
Quite obviously, if C and D are orthogonal then so are their linear spans. This 
implies the inequality dim(C) + dim(D) s IZ. 
3. Main results 
Let A and B denote two binary codes of length rr. We suppose that the 
Hamming distance d (a, 6) = ]a + b] between any two codevectors a E A and b E B 
belongs to a unique congruence class modulo 4. Thus, given an integer s E 
KJ 13% 3), we assume 
la+bl=:s (mod4) for all aEA, bEB. (3) 
Our problem consists in obtaining an upper bound for the product of the 
cardinalities of A and B. Let us emphasize two applications (see Introduction). 
First, the case A = B, with s = 0 (necessarily). Next, the case d(a, b) = constant, 
for any codes A and B, as investigated in [l]. The following lemma is the key of 
the solution. 
Lemma. If the codes A and B enjoy the property (3), then the translated codes 
A + a, and B + b, are orthogonal, for any choice of the vectors a, E A and b,, E B. 
Proof. Let a and b denote arbitrary vectors of A and B. Applying the identity (1) 
to the pairs X=Q, y=b and ~=a,, y=b yields ]a(+]b]-2)ab]=s(mod4) and 
Ja,l+lb\-2la,b)=s (mod4), in view of the assumption (3). By subtraction, this 
gives 
]a]-]a,]-2(ab)+2]a,b(=O(mod4). (4) 
Using the same result with b0 substituted for b, subtracting from (4), and 
dividing by 2, we then obtain 
lab(-lab,(-la,bl+la,b,l~O(mod2). 
j :I .’ i, ‘.I 
(3 
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On the other hand, (1) implies I(a + a& + &,)I= (ab( + lab01 + (a&l + )uobol 
(mod 2). Applying (5) we finally deduce \(a + a& f &,)I= 0 (mod 2), for all a and 
a0 in A, all b and bO in B. This proves the lemma. Cl 
It is clear that the lemma has strong consequences regarding the cardinalities of 
A and B. We state the following result. 
Theorem. If the codes A and B satisfy (3), then the product of their curdinulities is 
bounded from above by 
card(A) card(B) G 22Ln’2J. (6) 
If the bound (6) is uchieued, then A and B are afine codes. 
Proof. For given vectors a, E A and bO E B, let A0 and B, denote the linear codes 
spanned by A + a, and B + b,. In view of the lemma, A,, and B, are orthogonal. 
On the other hand, it is easily seen that both A0 and BO are orthogonal to the 
all-one vector j. (Indeed, (4) implies that la+u,l is even. Similarly, (b + b,l is 
even.) Since the sum of the dimensions of two orthogonal codes cannot exceed the 
total dimension n, this yields 
dim(A,) + dim(B, U (B, + j)) S n. (7) 
When n is even, neglecting the contribution of B,+ j, we then obtain the bound 
card(A,) card(B,) < 2” by use of (7). When n is odd we observe that BO and B,+ j 
are disjoint; hence (7) becomes dim(A,)+dim(B,) < n - 1, which can be written as 
card(A,) card(B,)<2”-‘. Thus we have proved a strong version of (6). The 
second part of the theorem follows from the fact that a linear code C is 
characterized by the property card (C) = 2d’“‘C’. The details are omitted. Cl 
It is worth noting that the results of the lemma and theorem can be proved 
under a condition weaker than (3). Let us assume 
lu+b(=f(a)+g(b)(mod4) foralluEA and bcB, (8) 
where f and g are given mappings from A and B into (0, 1,2,3}. It turns out that 
(5) remains valid; hence A +a, and B+ bO are orthogonal, which implies 
card(A) card(B) ~2”. If f(a) and g(b) have constant values modulo 2, it turns out 
that A +a, and B+ bO are orthogonal to j, which leads to the improvement 
card(A) card(B) G 2”-l when n is odd. 
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